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CAUCHY PROBLEM FOR NONLINEAR HYPERBOLIC SYSTEMS
OF PARTIAL DIFFERENTIAL EQUATIONS

VICTORIA YASINOVSKAYA

ABSTRACT. We proved the sharp Sobolev estimate for Cauchy data for the
general type of hyperbolic systems of nonlinear partial differential equations,
which leads to a local existence and uniqueness theorem for solutions of the
Cauchy problem in Sobolev spaces.

0. Introduction. This paper gives an analysis of the local solvability of the
Cauchy problem for hyperbolic systems of nonlinear partial differential equations
of the general type:

(%) (& D™id(%)) =0, DI i(zo=0)=w;, j=0,....,m—1,
where z € R x RV, D™ = {D%d| |o| < m}, @; € HYL 7Y RN), &= (e1, ..., en),
and @ = (u,...,u,). In the scalar case it has been proven by P. A. Dionne [4]

that for any integer M > N/2 + 1 + m there exists a unique solution of () in
L ([-T,T), H{fjw 2*1(RN)) for T small enough. In Hughes, Kato, and Marsden
[6] it is shown that local solutions for symmetric hyperbolic first order differential
equations exist for M > N/2 + 1.

Bona and Scott have demonstrated in (1] that for s > 2 the initial value problem

for the Korteweg-de Vries equation
Up + Uz + Ugzr = 0, t>0, u(z,0) = g(z) € H°(R)

has a unique solution u € Cp([0, 00), H*(R)).
All these results imply that for M > N/2 + 1 the general Cauchy problem (x)
may have a unique solution. Indeed, our major result is

THEOREM 4. For M > N/2+1 the Cauchy problem () for hyperbolic nonlinear
systems has a unique local solution U, such that

o _ _; :
558 € C(-T.T), Hig 7 RM) N L=((=T, 7], Hg T (RY)), i =0,...,m,
if T is small enough, provided
(a)
€(Z,7) € C°(RxRY R" x--- xR")
[ ——
n times
where
o mo _[m+N+1
¥y = D™u, r= ( N+l )
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652 VICTORIA YASINOVSKAYA

and

(b)

the matriz E = (0e;/0yjq), 1<4,57<n,
18 tnvertible for ag = m, where y;o = D%u;.

This result is sharp since, as was proved by DiPerna [5] in a much more general
context, a continuous (with respect to t) solution to the Cauchy problem u; +uu, =
0, u(0) = g does not exist if g € H(R), 1 <o < 3.

Establishing Theorem 4 required the following steps. In §II we construct a
quasilinear system equivalent to (*), applying the method of [4], generalized for
systems. Then in §III we further reduce it to a first order system which is solved
in §IV, where we apply an iterative method and derive energy estimates in order
to prove the existence and uniqueness of a solution.

The essential tools that made evaluation of M possible were the techniques of
pseudodifferential operators with HM coefficients which were suggested by M. E.
Taylor in 7] and paradifferential operators introduced by J. M. Bony in (2].

We consider the Cauchy problem for an n x n system:

(*) é‘(z’Dmﬁ(x)) =0, = (IOa-'-azN) eRN+la
(1) €,u take values in R",
Df,uj(mo:O):vwﬁ, i=0,...,m—1,j=1,...,n,
with the following.

I. Hypotheses and notation. We denote

D; = a%’ D® = Dg° D% ... D3N,

o \™
D$'=<31i> y 7,=0,1,...,N,

D™uj = {D%u;|0 < |a| = |ag + o1 + -+ + an| < m}, j=1...,n

Note that for each 7, D™u; can be considered as a function taking values in R,
where

_[m+N+1) (m+N+1)
- N+1 T (N+D)m!

Let y; = D™u; for ¢t = 1,...,n. Then y; = (¥i,,---+¥i,), Yia = D*u;. Then we
can rewrite the system (x) as

€(z,y(z)) =0, wherey = (y1,...,Yn) takes

(2) valuesin R" x---xR".
N, e’
n times

Let exy,, be the partial derivative of ex by yia, k=1,...,m;l=1,...,n; [af <m.
Define ek, (z,y) by the equation

0 = - aylu
(3 k(2 (2) = e, (2, (@) + D D ey

1 1
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Since we are interested in local properties of the solution of (1), let

(z,y)) ERxTVN xR" x--- xR’

R —
n times-:
We suppose
(a) ex(z,y) €eC®(X,Y),k=1,...,n,where X =RxT"andY =R" x--- xR".
(A —
n times
(b) The matrix
€lyia  €lyza ' Clyna
e2yla 62?/2 T e2y'nu
E= . :
enyla eny?a e eny'na

where o = (m,0,...,0), i.e. for ag = m, is invertible.
(c) The hyperbolicity condition is satisfied, i.e.

det [i(i‘r)"‘"‘ﬁk]

k=0
has m purely imaginary, distinct roots ¢7;(Z, 5 ), 7 =1,...,m, where
€lyia  €lyza " €lyna
fik = E g(al,...,aN).
aLoi—l‘-r_—nTk €nyia €nyza ' CEnyna

(d) wi; € HM=3+1(TN) fori=1,...,n.§=0,...,m — 1, with M € R to be
determined.

IL. Construction of a quasilinear system. We want to construct a Cauchy
problem for a quasilinear hyperbolic system equivalent to (1). We use the method
of [4], generalized for systems. Let

m
(4) A(z,y,D) = Y Aa(z,y,D)
|a|=0
elyla elyﬁa T elyna
_ i e2yla 62?20 e ezy'w‘ Da,
|a|=0
€nyia Cnyza T Cnyn,
(5) B(z,y) = (b—l(z’y)a-'-abN(z’y))
€10, —€1zg, —€1zy, ‘', —E€lzy
€20, _6210) — €2z, Tty _CQxN

€n0, — €nzg) — €ng,, Tty — €nzpn
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where

m n
(6) exo(z,y) = Z Zekymyia — e, k=1,...,n.

|a]=012=1

Let a = () +~(a), where 8(a) = (8o, b1, - -, On) and y(a) = (0,71, - YN,
such that
(@) =0 if |of <m -1,
(e)l =1 if |a] =m,
and for each y(a) define k() as follows:
if |a| = m,then y(a) = (0,...,0,%(a),0,...,0),
if |a| <m—1,then k(a) = —1.

Let
U(z) = (Vi(z)) = (U-1(z),...,Un(2))
U Urzy Uiz, *°° Ulzy
(7) u2 u210 u211 e u21:1v
= b
Up Unzy Unzg, Unzy
1=1,....,nk=-1,0,1,..., N,
and
Wj(zl, e ,IN) = (W_lj, N ,WN]')
wij wii+1 Dzywi; - Deywyy
(8) wo;  woir1 Dz we; oo Dypywaj
= 3
Wny Wnj41 Da:lwnj Tt Da:anj

7=0,....m—1,

be vector valued functions in R x TV and TV respectively. (Here functions wy,, =
Dfuy(zo = 0),...,Wnm = DFun(zo = 0), which appear in (8) when j = m — 1,
are determined by (1).)

Now consider the Cauchy problem for the following quasilinear system of order
m:
(9) A(IaDﬁ(a)(jk(a)aD)U = B(zaDB(a)[jk(a))a

DyU(zo =0) = W,;, where j=0,...,m—1;W; € HM=I(TN).

Here the components, Uk (q), of U'k(a) are entries of the column k() in the matrix
(7), k(a) = =1,0,1,..., N, and DP(® U, ) are substituted for y;o in (4) and (5),
i=1,...,n.

LEMMA 1. Cauchy problems (1) and (9) are equivalent.
PROOF. The n(N +2) equations in (9) can be separated into two different types.
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First type:
m n
(10) Z D ety (2, DA Uy (o)) D*u; = e10(z, DA @ Uj(o))
|a|=01=1

forl=1,...,n, which is

m—1 n n

Z E €lyia (:1:, Daa)yia + E E Clyia (13, Dﬂ(a)Uk(a))Dau,'

|a|=01i=1 |a|=m i=1

m—1

n n
= Z €lyiaYia T+ E Zety“. (2, DP @ Uy (0)) DP @)Uy () — €.

|a|=0 =1 |a|=m =1

Here the first term on the left is equal to the first term on the right side of the
equation. By definition of 3(a) and k() the second term on the left and right sides
are also equal.

Second type:

(11) >
|a|=012

wherel=1,...,n;J

m—1 n
E Z €ly;o (T, D*U) D% uyg,

|a|=01i=1

n
+ 3 Y ey (7, DA i(0)) Duiz,

|a|=m =1

= —eig; (z, D*4).

Since Dﬁ(“‘)ﬁk(a) = D> for |a| = m, where ¥ is a column (uy,...,u,)t, we use
(3) to see that equation (11) means

€lyia (I, Dﬂ(a)Uk(a) )Dauizj = —€iz; (:E, Dad)

M

o

0,...,N. We rewrite the last equation as

3 o
B_xiel(x’D @) =0.

We conclude that (10) and (11) are equivalent to (1). The second condition in (9)
is equivalent to hypothesis I(d). Q.E.D.

III. Reduction to a first order system. In order to solve (9) we reduce it to
a first order system as follows. Let us change notations: (zo,z1,...,zZNn) = (t,z).
Multiply both sides of (9) by E~! on the left (see hypothesis I(b)) and rewrite it
in the form

am

m—1
a‘z
(12) o in ~ Z Api(t, 2, DUy (o), D) U
1=0

att
= f(ta z, Dﬂ(a)Uk(a))7

where Am—i(¢,2,y,D;) is a differential operator of order m — ¢ with top order
symbol A,,_; and

f(ta T, Dﬂ(a)Uk(a)) = E-IB(tvz»Dﬂ(a)Uk(a))'
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Since the next step in the transformation of equation (12) will involve a pseudo-
differential operator of a certain class (see [7]), we will give the following

DEFINITION A. Let (2 be an open subset of R, m € R. We define the symbol
class ST (1) to consist of the set of p(z, £) € C°°(Q x RY) with the property that,
for any compact K C () and any multi-indices o, 3, there exists a constant Ck o8
such that

IDZDEp(x, €)] < Ckpa,p(1+ €)™
for all z € K, ¢ € RN. In this case the operator p(z, D) is said to belong to
OPST,(Q).
If, moreover, there are smooth functions p,, —;(z, £), homogeneous of degree m—j
in & for €| > 1 such that

p(z,6) ~ Y pm—j(z,€)

720

where the asymptotic condition means that

M
p(fE, E) - me—j(z7 E) € SI?O_M—I(Q)’

7=0

then we say that symbol p(z, ) € S™(Q2) and the operator p(z, D) € OPS™(Q).

We can now define the concept of a pseudodifferential operator on a manifold
M.

DEFINITION B. p(z, D): C§°(M) — C*°(M) belongs to OPS{y(M) (OPS™(M))
if p(z, &) is smooth on M and if for any coordinate neighborhood U in M with
x:U — O a diffeomorphism onto an open subset O of RV, the map of C§°(0) into
C>(0) given by u — p(z,D)(uo x) o x ! belongs to OPST%(0) (OPS™(0)).

Now let U7 = (8/8t)?~*A™~IU, j = 1,...,m, and A = (1 — A)Y/2 € OPS'.
Then (12) is equivalent to

U! O, A, O, - O, Ul O,
. A . . .
a n n
(13) En = N I B
A On
um (b1) (b2) (b3) -+ (bm) um f

where b; = Ap_ji1(t,z, Pjn(UY, ..., U™, ... P (UY,...,U™)", D;)AP~™ with
Pj, € OPS*, s <0.
Each U’ in (13) is an n-vector, hence

Ul
Um

is an mn-vector. Each entry in the matrix of equation (13) is an n X n matrix, for
example, A, = Al,, O, = 0I,, so (13) is an (m - n) x (m - n) system. Changing
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notation, calling the column vector (U',...,U™)* U and the matrix in (13) K,
write (13) with the initial data as

(14) gZU=K(t,z,PlU,...,PlU,DI)U+f(t,z,P1U,...,PlU),
U0 =g,
where
g1 AWy
g=| : |= : , le gy =ATTIW,y,
gm Wm-1

and the W;’s are given by (8), and where P; € OPS® and K(t,z,Uy,...,U;,€) €
St

IV. Solution of the first order hyperbolic system. By hypothesis I(c)
system (14) is hyperbolic, and in order to solve it we will use an iterative method
as follows. Given U on R x TV with U(0) = g, we define FU =V to be the solution
to the system

E
(15) 5V = K(t,2,PU,...,RU, D)V + f(t,2,PU,..., RU),

V()=g

and find a fixed point of F, i.e. a function U such that FU = U on (-T,T) x TV.
In order to treat this problem, it will be necessary to introduce pseudodifferential
operators with less than C* symbols (see [7]) and paradifferential operators (see
(2]).
DEFINITION 1. We say p(z, §) € HM ST%(TV) and p(z, D) € OPHM ST%(TV)
provided
1Dgp(z, &)llam(rry < C(L+ €)1 forla| < M.

If, morover, there are functions pp,—;(z, &) € HM Sf'fo_j (TN), homogeneous of de-
gree m — 7 in & for || > 1 such that

p(z,€) ~ > Pm-j(a, §),
720

then we say that p(z, ) € HMS™(TY) and p(z, D) € OPHM S™(TN).

DEFINITION 2. Let x(6,7) be a C* function defined on RY x R¥\O, homo-
geneous of degree 0, such that for some small £1,62, 0 < €1 < €2, x(0,7) = 1 for
18] < e1lm|, x(8,n) = 0 for |] > 2|n|, and let s(n) be a C> function from RN to
R which is 0 in some neighborhood of O and 1 outside of some compact subset of
RN. Let I(x, €¢) be a function homogeneous of degree m in &, C™ in ¢ for £ # 0,
with compact support with respect to z, and C” in z for p noninteger. Define the
operator T} on the space of distributions, D’, as

(Ty) ™ (€) = / x(€ = mm)i(€ = mm)s(n)aln) da,

where [(0, €) is the Fourier transform of I(z, &) with respect to the first variable.
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DEFINITION 3. (a) For any @ C RN, m € R, p > 0 and noninteger, we define
E7*(Q) as the set of all functions I(z, £) in Q2 x (RV\O) such that

l(:L‘, E) = lm(.’t, f) + lm-—l(z) 6) +et lm—[p](za 6),

where I, _i(z, £) is homogeneous of degree m — k in ¢, is C* in ¢, and C’{;Ck
(b) If 1) € £, i = 1,2, we define I1 #12 € S+ a5

rpr=3Y" 3% Z Dg e DS .

|a|+k1+k2<[ﬂ]
(c) If L € T3, we define [* € X7 as

r=> Z 1 DED T
laf+k< [p]
DEFINITION 4. Let ) be an open subset of R" and let L be a linear transfor-
mation in D’(Q?), which is properly supported, i.e. for any compact K in () there is
a compact K in 2 such that

suppu C K = supp Lu C K

and X
(suppu)NK = = suppLun K = 2.
Then we call L a paradifferential operator of order m and of class C? in {2 and write
L € OP(Z7)(Q) if there exists | € £7*(Q) such that for any compact K C Q and
any x € C§°(f2) which is equal to 1 in a neighborhood of K, the operator L — xT).;
is a continuous map of elements of H*® with support in K to H*~™%7. In this case
l is called a symbol of L.
The proofs of the following results are given in [2].

THEOREM 1. (a) If L € OP(£7)(Q), then L: Hg, (Q) — Hfoc"‘(ﬂ)

(b) If L € OP(Z7*)(12), there exists a unique symbol l of L, i.e. o(L) =1.

(¢) If LV € OP(ET’)(Q), j = 1,2, then L'L* € OP(Z*™2)(Q) and
o(L' - L?) = o(LY) #a(L?).

(d) If L € OP(Z})(), then o(L*) = (o(L))*, where L* is the adjoint of L.

(e) If L s a classical pseudodifferential operator of order m, properly supported

in (), with symbol
~ Z lm_]‘(:ll, E))
320
then for any p >0, L € OP(X}*) with symbol o(L) = ZOSJ’S[p] ln—j.

NOTE. If l(z,€) is such that l,_j(z,€) is in C777 as a function of z, then
L € OP(X%) and o(L) = 3 o< <[y lm—j Where 7 is not an integer.

“To return to our iterative method (15), we assume that U € C([-T, T|, H¥(TV))
and 0U/dt € C([-T,T), HM(TN)) for M to be estimated. Then

K(t,z,PU,...,PUD;) € OPHMS!
and in order to solve the quasilinear hyperbolic system

0

(16) EV:KV+f, V(0)=g¢g
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with f € C([-T, T], HM(TV)), g € H¥(TVN), we need to construct what is called
a symmetrizer for K.

DEFINITION 5. Let K € OPS{,. Then a symmetrizer for (9/dt) — K is a
smooth one parameter family of operators R = R(t) € OPS°, such that

(17) Ro(t,x, £) is a positive definite matrix for |£| > 1,

(18) RK + (RK)* € OPS?,,.

If such a symmetrizer exists, one says 9/dt — K is symmetrizable.
The proof of the following proposition can be found in [2].

PROPOSITION 1. Any strictly hyperbolic first order system 3/0t — K, where
K € OPS}, has a symmetrizer R and we have

k
(19) R(t,z,D;) =Y _ P;(t,z, D)*P;(t,z, D),
7j=1
k
(20) ork(t,z,6) =13 Ai(t,z, )Pi(t,z,€)" Pi(t,z,€) mod S°,
i=1

where i\, (t, T, £) are eigenvalues of K1(t, z, £), the principal symbol of K, \1(t, z, §)
< Aa(t,z,€) < --- < A(t,7,€), and Pj(t,z,£) € SO are the projections onto the
assoctated etgenspaces of iA;(t, z, £):

_ 1 [ -1
IJ:I - 2t L,(g Kl(taxa 6)) d{

where ~y; i3 the circle around A; only.
Now we are ready to prove the following result.

PROPOSITION 2. If M > N/2 + 1, then, given K € OPHMSY(TVN), the hy-
perbolic system

(21) V/ot=KV+f V(0)=g
has a unique solution V € C([-T,T),HM(TN)) for ¢ € HM(TN) and f €
C([-T,T), HM(TY)). Such a solution satisfies the estimate

t
V)P < (1+ Clt) [ngnim + [ dr] . M<T,

where C depends on finitely many seminorms of K € OPHMSY(TVN), R €
OPHMSO(TN), 8R/8t € OPHMSO(TN), and RK + (RK)* € OPHESO(TN)
for some L < M, and on N but not on the order of the system.

The following inequality from the theory of ordinary differential equations will
be useful in the proof of Proposition 2.
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LEMMA 2 (GRONWALL’S INEQUALITY). Ify € C! and y'(t) + f(t)y < g(t),

then ,
w0 <& R 10 [yl 109 ]
0

PROOF OF PROPOSITION 2. Since K € OPHMS!(TY), it is clear from (19)
that the symmetrizer R € OPHM SO(TY). Then we have the following asymptotic
expansions of the symbols K (t,,¢) € HMS! and R(t,z, &) € HMSO:

K(t,z,€) ~ Y Ki_j(t,z,€), R(t,z,€)~)> R_j(t,z,¢)
720 720

where K;_;(t,z,€) and R_;(t, z, ) are homogeneous functions in ¢ of degree 1 —j
and —j respectively and are in HM (T") as functions of x. Then, by the Sobolev
imbedding theorem, K;_; and R_; belong to CM~N/2(TN) and we can apply
Theorem 1 to conclude that

K(t,z,D;) € OP(Z}s_n/s)
with 0(K) = 3 o< <(m—ny2 K1-5(t, 7, €) and
R(t,z,D;) € OP(Z3;_n/3)

with o(R) = Y o< i<(m—nyg B-j(t, 7, §) for M — N/2 noninteger.

NOTE. In the case when M — N/2 is an integer we can find some small € > 0,
such that M — N/2—¢ > 1 (since by hypothesis M — N/2 > 1) and replace M — N/2
by noninteger M — N/2 —¢ for all symbols above.

It follows that RK € OP(X},_ /) with

1 a a
o(RK) = RoK, + Z Z > —DER_;, DKy,
1<]al+71+52<[M—-N/2]

where for each |af, ji, and j2 the corresponding term is homogeneous of degree
1 - (la| + 1 + 72) in € and belongs to CIM—N/2=(lal+51+52)(TN) in 7. Hence

J((RE)= LYY T Q!L@D?D;’DgR_ﬁDgKI_h

1Bl+|al+51+72<[M—N/2]

= RoK, + Z Z E Z o DﬂDﬁDaR"JlD K15

1<|8l+|al+j1+52 < [M—N/2]

and since K (t,z, £) has purely imaginary distinct eigenvalues for each (¢, z, ), we
have
(22)

o(RK + (RK)")

o(RK) +o((RK)*)

IDIDY QD?R-h DEK:

1<|al+51+52<[M-N/2]

¢ TYYY Lo ook,

1<|8l+|al+51+72 < [M—-N/2)
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Thus RK + (RK)* € OP(33;_y/;_), which justifies the hypothesis that M >
N/2 + 1. Applying Theorem 1 again, we conclude that

RK + (RK)*: H*(TN) — H*(TV) as well as

R:H(TN) - H*(TVN),
(23) %R: H*(TN) — H*(TY), and
K:H*(TVN) - H*"1(TY) for any s € R.

Now we can obtain the energy estimate for V solving (21). We write

LRV, V) = (RVV) + (RV,V.) + (RV,V)

(24) = (RKV + Rf,V)+ (RV,KV + f) + (RV,V)
= ((RK + K*R)V,V) + (Rf,V) + (RV, f) + (R:V,V)
< CilIVIiEa + CallflIZ < C(RV,V) + CIf|[Za.
Applying Gronwall’s inequality (Lemma 2) to this yields

(25) VIS < (1+Clt) [Ilgll%z +f 72 dr]

for t € [-T,T).
More generally, differentiating

“V(t)“%{'(TN) = ||ASV(t)“%2(TN)
yields

(26) VOl < (1+Clt) [Ilgll?p +/0 [HGIIFS df]

for t € [-T,T), which is bounded in a bounded interval -T < ¢t < T. Cis a
function of finitely many seminorms of K € OPHMS!, R € OPHM S 0R/dt €
OPHMSO and RK + (RK)* € OPHLSO for some L < M which we need not
specify, and of N. Inequality (26) is valid whenever v € H([-T,T), H**}(TV)),
f € L¥([-T,T),H*(TN)), g € H*+(TN), and (21) is satisfied. We shall obtain
the solution of the initial value problem (21) as a limit of solutions to the problem
(27) %v —KJV+f, V(0)=g

where J, is a Friedrich’s mollifier on TV defined as the following:
DEFINITION 6. A Friedrich’s mollifier on TV is a family, J;, of scalar pseudo-
differential operators, 0 < ¢ < 1, such that

Je € OPS~(TN) for each ¢ € (0,1],
{Je:0 < e < 1} is a bounded subset of OPSY((TV), and
Jeu — win L2(TN) as ¢ — 0 for each u € L2(TV).

To construct a Friedrich’s mollifier, we multiply e~/¢¢I” by a partition of unity for
some coordinate patches on TV.



662 VICTORIA YASINOVSKAYA

Now for each € > 0, K. = K J, is a continuous linear operator on H°. Hence
(27) can be considered as a Banach-space valued ordinary differential equation and
to solve it we apply the Picard iteration method (see Dieudonné (3]). Thus, given
g € H**Y(TV) and f € C([-T,T],H**(T")), we can solve (27), producing a
solution V, € CY([-T,T], H*+*'(T")). Now since {K.:0 < ¢ < 1} is a bounded
subset of OPHM S} ,(TV) and {RK, + (RK.)*:0 < € < 1} is a bounded subset of
OPHZLSY (TN) for some L < M, we get the estimate (26) for V;:

(28) IVellfs < (1+Cltl) [Ilgll?{e +/0 1f(7)I[3rs dr

with C independent of €, 0 < ¢ < 1. Now by this estimate, {V;:0 < ¢ <
1} is a bounded subset of C([-T,T],H*(T"N)) given g € H*+(TV) and f €
C([-T,T), H***(TV)). Since V! = K.V, + f and {K.:0 < € < 1} is a bounded
subset of OPHM 5! ((TV), it follows that {V/:0 < ¢ < 1} is a bounded sub-
set of C([-T,T),H*"1(TV)). Hence {V.:0 < ¢ < 1} is a bounded subset of
CY([-T,T), H*~*(TY)). Furthermore, for each to € [-T,T), {Ve(t0):0 < ¢ < 1},
being a bounded subset of H*(T"), is a relatively compact subset of H*~!(T%).
Hence, by Ascoli’s theorem (3], there is a sequence ¢, — 0 such that V. converges
in C([-T,T),H*"(T")) to a limit we call V, which satisfies (21) in the sense of
distributions.
Now let g; € H**4(TN) with g; — g in H*(T") and let

fj € C([_T’ T]’ H8+4(TN))a

with f; — f in C([-T,T],H*(TV)). The argument above also produces solutions
V; to (21) with g, f replaced by gj, f; with V; € C([-T,T), H**%(T")). Since
V] = KV, + fj, it follows that V; € C*([-T,T], H**!(T")). Hence we can ap-
ply the energy inequality (26) and conclude that {V;} is a Cauchy sequence in
C([-T,T),H*(T"N)). The limit V solves our system. As for uniqueness, since any
V € C([-T,T],H*(TV)), solving (21) must belong to C*([-T, T}, H*~}(T¥)) C
HY([-T, T}, H*~'(T")), the energy inequality (26) with s replaced by s —2 applies
for a difference of two solutions and we see that the solution is unique. Q.E.D.
(for Proposition 2).

To return to our iterative method (15), we suppose ¢ € HM+Y(TN) U €
C([-T,T),HM(TN)), and 8U/6t € C([-T,T), H¥~1(TN)), where M > N/2+ 1.
Then

K(t,z,PU,...,PU,D;) € OPHMS!,

ft,z, PU,...,PU) € C([-T,T), HM(TV)), and by Proposition 2 system (15) has
a unique solution
V(tv IZI) € C([_T7 T]) HM(TN))7

such that (8/0t)V (t,z) € C([-T,T), H¥~1(T")). In order to prove convergence
of the iterative method (15), we will construct equations for various derivatives of
V. Set

0 0

Voo = D2V, Via= 3DV, Usa=DU, Uia= 5 DU.
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Applying the chain rule to (15) yields

2
(29) EVOQ = K(t,z, PUs, ..., PlUoo, Dz)Voa
+ E Ca'qu;...m&}...ﬁ‘{"..6{...6"“
Yto+b=a,0<a
6=b1++6, ++61 446,
~PrUos; - PrUosy, -+ Pilgst - - PilUogt, Kypy ... Voo
U
+ Z Caqul...mﬂ‘...&:l...6{...6"“
v+b=a
6=511+...+5;1+...+5§+...+5“‘l
~PrUgs; -+ PrUosy, -+ PiUost - - PlUogt, fus...m
and,
(30)
0
avm = K(t,z, P,Uqo, ..., PUoo, D;)V1p

l
+ Y PU1oKiVog + KiVog

1=

1
+ Z Caﬁpg...y;&}...&,}l...6{...6}“
y+6+0=p

. [(PllelPons; -+ PyUgsy, -+ PiUpst "'Pons,‘,l

+ -+ PuUgs: - "Ponas"‘_l PUys, MKy Voo
i

l
+ P1U06ll cee PlUO&:‘q (E PiUIOK’1u1~-~;4.'+1"~m + K'wl'"mt) Voo
=1
+P1U0611 e IJIUO&”: K'"‘l...”‘Vh,]

/
+ E [ ETTPRRNE s O R B}
Y¥+6=p

- |(PiUss3 PyUgsy - - PuUosy -+ PiUgs - -~ Pilosy,
+o 4 PlUpsy -+ Pilpst_ PiUss; )
ol

* f'ﬂll”'l‘l (t’ z, PIU) ceey IJIU)
+ PiUos; -+ PuUosy, +++ Pigst -+ Pilipst,

l
: (ERUIOf’ml...m+l...m +f'7p1...mt)] .

=1
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Here
K’yp.l...uz = Kﬂul...u[(taxy ¢ly' .. ad)l) = D;Dg: .. .Dg:K(t,l‘,Qsl,. . ‘a¢l)a
Ki = Ki(t)x)¢l)"'a¢l) = D¢1‘K(t7xa¢l7°-',¢l)1 1= la“',ly

and
K’wlmmt = DtKvmmm‘

Syproo and fyu, e are defined similax;ly. i
Now we replace Uj, and Vjo by Pjo(U) and P;o(V) respectively where
U = {Upa, Urg:0 < |a] < M,0 < |8] < M — 1},
Py () = A=M=371e) S G (2, D,)Ug.
Bl=M—j

V~ and Pj, (V) are defined similarly. After these replacements system (29), (30)
for V' becomes

(31)

O ~ . .
=V = K(t,z, PiPsoU, ..., P,PyU,
(32) BtV (t,z, P1Poo ; 1 Poo ~~)
+(I>(t,z,P1P00U,...,P1P00U V)
Here . .
K(t,z, PiPyU,...,PPyU,D,;) € OPHMS!

and . .
q>(ta z, PIPOOU) ey }DlPOOUa DI)

contain terms of order < 0. o
Now since U,V € R™"_ it follows that U,V € RK, where

e (157)- (7))

and we have the following.
LEMMA 3. Assuming M > N/2 + 1, we find that
®: R x TV x [L2(TN)2m{(*%7)+ ("5}

9 L Ay ()

1s a Lipschitz continuous map.

PROOF. Consider the components of ® of the form
[ . .
Y1 = [[ [ PePos;UKxps...u(t: @, PrPooU, ..., PiPooU, Dz) PosV
i=1pu=1
and

U ps .
=11 H i Posy U fus..i (6,5 PiPyU, ..., PiPyl),
1=1u=1

where

<M, le| < M.

}7+a+§:§:ﬁ

i=1pu=1
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The map U — K., .. . (t, 2, PLPooU, .. P¢P00U D, ) is a Lipschitz map of L2(TN)
into OPHM S1 since Koyt z, PIPOOU PlPooU D;) is a C* function of
its arguments. Consequently, according to (23)

K‘yul...m (t, z, PIPOOﬁa vy IDIPOOﬁa Dz): HS(TN) - HS—I(TN)

for any s € R. Since Po,V € HM-I°/(TN) and Pos;;ﬁ' € MM-ISI(TN), we
conclude that ¢; € L?(TV) and, _being multilinear, is a Lipschitz function of its
arguments. Similarly, the map U — f(t,z, PlPooU PzPooU ) is a Lipschitz
map of L2(TV) into itself since f(t,z, P PooU(z), .. PzPooU(:z:)) € HM(TN) c
L%(TN). Hence, 2 € L%(TV) and is a Lipschitz function of its arguments. A
similar argument controls all the other terms of ®. Q.E.D.

Next, we construct a positive definite symmetrizer R(t,z,ws,...,w;, D;) for
K(t,z,w1,...,w;, D;) and substitute P,PooU for wi, ¢ = 1,...,l, which gives us
R(t,z,P,PyoU, ..., PiPoyoU, D) € OPHM SO, Now we can write

(34) %(RV,V) (R(KV +®),V) + (RV,KV + &) + (( gtR> v, V)
= ((RK + K*R)V,V) + (R®,V) + (RV, )
+ ((Rt + Zl: P,-P,oﬁ'Rw,.) V,f/) .
=1
By the argument (23) the last three terms are bounded by
B([011.2) V|32 + B(I[T]]22)

for t € [-T,T), where B is some function of its arguments. By the same argument
and since . 5 B
U-— (RK + (RK)‘)(t, Z, P1P00U, ces ,P[PooU, DI)

is a Lipschitz map of L2(T") into OPHL S for some L < M, we obtain the bound
((RK + K*R)V,V) < B(|0]|2) IV
Consequently, (34) becomes

d
dt(
and Gronwall’s inequality yields

(35) (V@25 < efo AT ar [uff(oma + /0 ’ B'(nﬁ(r)um)dr]

RV,V) < B'(|[0]|2)(RV, V) + B'(|[T]|.2)

where V(0) is defined similar to (31) with
Voa(0) = D39, V15(0) = DF(K(t,0)9) + DZf, ol S M, |B| S M~ 1.

Note that Vpa(0) € L?(TV) since g € HM(TN); and Vi5(0) € L2(TYN) since
f € HM(TV) and by the argument used in the proof of Lemma 3. So, we can
rewrite (35) as

~ t "_r r t ~
(38)  [V(r)llgs < efo BUIO@ILa) [03||g||§m+ /0 BI0(®)l1z0) dr] .
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Since by assumption U € C([-T, T}, HM(TN)) n CY([-T,T), HM~1(TV)), then
U € C([-T,T),L*(TY)). Suppose the norm of U in this space is < Ay where we
pick Ag > 2Co||g||gm + 1. Pick the t interval fairly small, as follows. Suppose
T < Ty where Ty is so small that, with By = sup{|B’())|:|A| < Ao},

(37) eToB1[C3|gl| %M + ToB1) < AZ.

It follows from (36) that, under this assumption,J|I7|| 12 < Ao, [t| < To. Conse-
quently, for such a small ¢ interval, the mapping V = FU arising from (15) maps
the set

{U € C([-T,T), L*(TN)): ||U||1s < Ao}

into itself.
To check the convergence of Vx = FKU, we need to estimate the difference
between V = F(U) and V; = F(U;). From (32) we get

8 ~ -~ . . .
(38) &(V -V1) = K(t,z, Py PyoU,..., PPyU,D,)V

~ K(t,z, PyPooUns,. .., PiPooUy, D2)Vy
+®(t,z,U,V) - ®(t,z,01,V1)
= K(t,z, PiPooU, ..., PPoolU, D;)(V — V)
+ [K(t, 2, P,PooU, D;) — K(t,z, P;PooUs, D)V
+&(t,2,0,V) - &(t,z,01,V1)
= K(t,z, P;PooU, D) (V - V1) + A
\(Nhe)are, with the aid of Lemma 3, we have
39
Allz2¢eny < CIT =Unll2cemy [ IVall e (ovy + Cal+ CalllV | Larmy + Vil Laczm))-
Now, if we set U = {UOO,,Um la| < M +1, |3] < M} and define V similarly, (15)
gives rise to V = FU and the proof of (35) extends to

IV (©)llz < efo BUTNzz) dr [c%ngu%w + /0 B'(nff(rnm)dr] :

Pick A; > 2Ci||g||gm+1 + 1, supposing g € HM+1(TN). Let T; be such that if
U@#)l|Ls < A, for |t| < Ty, then

(40) W2 < A1, |t < Th.
This implies
(41) WV@e)la < CA1, |t < Ty,

and furthermore F*U satisfies the estimate (41) for v = 1,2,3,.... Now (38), (39),
and (41) yield

~ ~ t‘ ~ ~
(42) V() = Vi(t)l|La < Az/ [|U(r) = Us(7)llLadr, || <Ty
<A2T1|slup “U T) UI(T)”L?
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It follows from equation (42) that F*U will converge to a limit as v — oo, in
C([-To, To}, L*(TN)), provided To < min(T,T;) and ATo < 1. The limit, w,
must be of the form {woq,w1s:|a] < M,|8] < M — 1} for some

w € C([-To, To], HM(TN)) N C*([~To, To), H¥~1(TV))

and w must solve (14). Since the terms F*U are bounded in L ([~ To, To], L*(T™)),
we can see that W € L®([~To, To), L*(TVN)), i.e.

w € L®([~To, To), HM*(T))

and
dw/dt € L®([-To, To), HM(TN)).

To prove uniqueness, let w; be another solution to (14) with similar regularity.
Then (42) implies

16(8) — B2 (B)l122 < A2 ]0 [6(r) — @a() |22 dr

which immediately gives us w(t) = Wi (t) or w(t) = wi(t).
We summarize the following.

THEOREM 2. Given M > N/2+1, let g€ HM+Y(TN). Then for T sufficiently
small, the iterative method (15) converges to a unique solution U of (14) with

Ue C([_T’ T]a HM(TN)) n Loo([_T’ T]vHM+l(TN))a
aU/at € C([_Ta T]’HM_I(TN)) n Loo([_Ta T]a HM(TN))

provided (14) 1s either symmetric hyperbolic or strictly hyperbolic.
V. Conclusion. Now we can solve the Cauchy problem (9).

THEOREM 3. System (9), being symmetric hyperbolic or strictly hyperbolic, has
a unique solution U on [T, T) x TV, provided M > N/2+1 and T small enough,
and

%U € C([—T,T],HM-j—l(TN))nLoo([_T,T]’HM—j(TN))’ 0<j<m-—L.

Coming back to the original problem (1), we have the following result:

THEOREM 4. Provided M > N/2 + 1, the Cauchy problem for a system (1)
of nonlinear equations with hypotheses (a), (b), (c), (d) has a unique solution @ on
[-T,T] x TN, such that

27 wi € O(I=T,T), HM=3(TN)) n L2([-T, 7], HM—+1(T")),

i=1,...,m,5=0,...,m,

if T 1s small enough.
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